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ABSTRACT. In this paper we refer to an experiment in which students of the age range 
14-17 have to proof a statement on natural numbers, writing all their thoughts while 
they are working on this task. We perform a kind of ‘genetic decomposition’ of the 
statement and single out some parameters, on which we base the analysis of the 
students’ protocols. The main schemes found in students’ proofs are the 
authoritarian, the empirical, the ritual and the symbolic. We study the relations of 
these proof schemes with the context chosen by the students to prove. Some 
students’ behaviours allow to single out elements suggesting the influence of the 
algebraic or arithmetic contexts on proving this type of statement: we call it 
algebraic or arithmetical shadow effect. 

INTRODUCTION 

One of the issues that we try to develop in our research on proof is the idea that proof 
is not context-free, that is to say that the context has a strong conditioning role in the 
students’ performances on proving. For example, in a recent study, (Furinghetti & 
Paola, to appear), we have presented to students questions having the same formal 
structure, but set in different contexts and treated with different languages 
(mathematical context with the mathematical language, situations related to usual life 
with the natural language). The result of this experiment has been that the students’ 
performances differ according to the context, since the meaning of the field in which 
the tasks are set acts as an element of diversion in proving; we call this phenomenon 
«semantic shadow effect». In other occasions, see for example (Furinghetti & Paola, 
1991), we have worked at the interior of mathematics, and we have found different 
performances according that the context was algebra or geometry, even if the 
statements presented to students had the same formal structure. In this paper we have 
considered the students’ performances in proving a statement concerning natural 
numbers. The choice of this context was motivated by the fact that the students work 
in it from their early days in school and thus we thought that this context would have 
resulted particularly ‘friendly’ for them. 



METHODOLOGY 

As a first step we have carried out an in-service teacher training course on proof 
consisting of a part on theoretical topics (including elements of logic) and a part on 
educational issues. Participants teachers were asked to answer a questionnaire on 
their conception of proof. Their answers would have been the starting point for a 
discussion on the re-shaping of their style on teaching this topic. After this work we 
have invited the teachers to collaborate to our research putting their classes to our 
disposal. Three teachers have agreed; the fact that they were aware of the educational 
problems underlying proof and that they were motivated by the previous activities 
makes us confident that they would have observed the instructions we gave. We were 
lucky since the three teachers teach in four classes which differs for the ages of 
students (Teacher A: one class of students aged 14, Teacher B: one class of students 
aged 15, Teacher C: one class of students aged 16 and one 17) and for the types of 
curricula (with more or with less emphasis on mathematics). 
The study consisted in analysing how the students solve the following exercise: 
«Prove that the product of any three consecutive natural numbers is divisible by 6». 
Students were asked to write all their attempts and thoughts. Our analysis has been 
performed on their protocols.  
 The instructions to the teachers were: 
- to report the time emploied 
- to not help or influence the students 
- to push them to write all the things they were thinking in solving the exercise 
- to make students aware of which project they were part and to encourage them to 
an active collaboration with the researchers; this awareness of students was promoted 
also to prevent them from being lazy or cheating the teacher by cribbing from a 
school-mate, since this would have polluted the experiment. 
We succeeded quite completely in all these points. We have also asked to the 
teachers to make a prevision on the students performances. All the teachers agreed 
that the exercise was within the capacity of their students and no one considered that 
it would be difficult to deal with the technical issues of the exercise such as the 
interpretation of the terms involved in the statement (natural, divisible, consecutive). 
In the following we give some brief information. 
Teacher A. His students (class A) are aged 14. The school where he teaches has a 
strong mathematical curriculum; in algebra, among other topics, he develops 
modular arithmetics with the remainders classes. He feels that his good students will 
be able to prove the statement through the remainders classes. He does not takes into 
consideration the exploration through less formal ways. 
Teacher B. Her students (class B) are aged 15. The school where she teaches is 
oriented to give a good mastery of foreign languages; the mathematics program is in 
line with the recent curriculum changes in Italy, but mathematics is not an important 



subject. She thinks that her students will start with examples and afterwards will 
generalize. Many students will look for some formulas. The greatest difficulty will 
be to formalize the intuition in a logically correct sequence of statements. She feels 
that some students will make many examples with the aim of finding 
counterexamples which prove that the product of any three consecutive natural 
numbers is not divisible by 6. 
Teacher C. Her students are aged 16 (class C I) and 17 (class C II). The school where 
she teaches is aimed at preparing the students in economical disciplines. The 
mathematics programs is rather innovative; the students learn also to program at the 
computer in the mathematics course. She thinks that few students will work on 
numerical examples; the majority will look for a formalization and will attempt to 
manipulate the expressions (n - 1)n(n + 1) or n(n + 1)(n + 2). Some students will 
argument in a quite descriptive way. 

ANALYSIS OF THE RESULTS 

To analyse the protocols we put us in a perspective similar to that of the ‘genetic 
decomposition’ presented in (Dubinsky, 1991), that is to say we analyse the exercise 
proposed to students in order to isolate its main conceptual or procedural components 
and the relations among them. As a result we have single out the following 
parameters which we shall use as a basis for studying the protocols. 
• algebraic language (even if in a poor form) is used or is not used 
• which kind of use of algebra is prevailing, in particular how the letters are used 
• mastery of the concepts specific to the problem (divisibility, multiples) 
• role of numerical examples 
• algebraic or analgebraic thinking, with particular reference to the interpretation of 
algebraic expressions 
• use of some kind of iconic language 
• use of quantifiers 
• proof schemes followed by students 
We observe that some parameters mainly concerns algebra, others are more specific 
of the process of proof, even if we shall see that the distinction is not so clean. At the 
interior of algebra we distinguish between pure manipulative issues and issues linked 
to the mastery of critical concepts, such as variables and quantifiers. 
According to this classification we have singled out general factors concerning all 
the  classes A, B, C I and C II pointing out differences and analogies. Afterwards we 
have analysed more in details the behaviours of the class C II to have more precise 
elements. 
The type of the present research does not imply a quantitative analysis of the 
numerical data; we only give some general figures which provide a first overview of 
the situation. 



 
Classes Students’ 

age 
Students 

answering 
Algebraic 
language 

Natural 
language 

Iconic 
language 

Right 
answers 

Maths 
program 

A 14 19 of 19 10 12 0 7 strong 

B 15 11 of 16 11 1 0 0 weak 

C I* 16 24 of 24 7 17 0 6 medium 

C II 17 18 of 18 6 13 0 2 medium 
 
To make clear the figures in the table we note that: 
- The sum of the numbers of the students who use algebra or not is in general greater 
that the number of the answering students since some student use both the languages 
adopting a sort of syncopated-like language. 
- The data of the class C I have a meaning different from that of the others: the 
teacher has made a mistake in giving the text of the exercise, putting the number 2 
instead of 3, so that the text has became «Prove that the product of any two 
consecutive natural numbers is divisible by 6», which is an impossible task. We shall 
see that also in this case interesting behaviours emerged. 
Not in all the classes to solve the exercise was a compulsory task, nevertheless the 
third column of the table shows that students participate with good will; this fact is 
confirmed by the care employed in working on the exercise. 
One of the characteristics of this exercise is that it can be easily developed through 
the natural language by activating the frame of divisibility or of multiples. On the 
contrary, if the statement is translated into an algebraic expression, the attempts of 
manipulation may bring to a cul de sac. For this reason we have taken as a first 
parameter to consider the use or non use of the algebraic language. In the classes A 
and B the literal computation is a topic of the program; in particular in the class B the 
teacher focus on it (this is a quite common behaviour in the Italian tradition). The 
students of the classes C I and C II have left the study of algebra (literal computation 
and so on) since one or two years respectively. It is likely that the relatively high 
percentage of right answers in the class A is due to the fact that here the classes of 
remainders are part of the program developed: the protocols show that students 
understand the text and are able to activate a frame suitable to solve the problem. 
In the class B all the students use the algebraic language. No one in the class B 
produces right answers. The protocols show that there is a lack of control in algebra 
which provokes a loss of control in proving. The students of class B are also victims 
of what in (Furinghetti & Paola, 1991) is called «irresistible impulse to calculate», 
that is to say they transform literal expressions and solve equations without any 
precise purpose linked to the task. The proof scheme adopted, according to the 
classification in (Harel & Sowder, 1996a and b), is the ritual, since from the analysis 



of the protocols it emerges that students think that the justification has to be 
communicated via symbolic expressions or computations. In this case the ritual is 
combined with the symbolic proof scheme, since symbols are used «as if they 
possess a life of their own without reference to their possible functional or 
quantitative relations to the situation» (Harel & Sowder, 1996a, p.61). 
In the cases A and B it is not clear how much the students’ behaviours are induced 
also by the authoritarian scheme. According to (ibidem, p.60) this scheme is present 
when « students are not concerned with the question of the burden of proof, and their 
main source of conviction is a statement given in a textbook, uttered by a teacher, or 
offered by a knowledgeable classmate». This scheme has been clearly evidenced in 
the class C I, thanks to the mistake made by the teacher in giving the text of the 
problem (see above). We are aware that the form of the text of the exercise «Prove 
that ...» was more commanding than the form «Is the product of two consecutive 
natural numbers divisible by 6?», thus it strongly pushes students towards the 
acceptation of the statement as surely true. Nevertheless the weight of the 
authoritarian scheme in conditioning the students behaviour is evident since among 
the 13 students who find counterexamples only 6 recognize that the statement 
proposed by the teacher is not true, while 7 try to forget it. In these last students the 
authoritarian proof scheme prevails on evidence. A confirmation of the fact that the 
authoritarian scheme conditions the students’ performances is provided by Sara. She 
produces 6 examples which satisfies the statement and writes «The product of two 
numbers must [emphasis is our] give a multiple of 6». In this case the presence of the 
authoritarian scheme is unaware, in other cases is aware. For example, Alessandra 
writes: «- Natural numbers are the positive numbers. - Consecutive means one after 
the other. - The product is the result of a multiplication. Then I must prove that the 
result of the multiplication of two numbers, for example 3 and 4, is divisible by 6. ...I 
have understood the statement, but I'm not able to prove it». The analysis of the 
given statement performed by expressing the definition of the terms intervening in it 
with her own words is due to the doubt on the possibility to solve problem. 
We can label this students’ behaviour in class C I as the schizophrenia caused by the 
acceptation of the existence of two separate worlds - the world of the teacher and 
their own world - which have not necessarily points of contacts or at least analogies. 
As we have observed in the case of the wrong text, also in the case of the right text 
the form of the exercise («Prove ...» instead of «Is ...?») pushes students towards 
argumentation rather than conjecturing; this fact conditions the way they worked. 
Nevertheless we were expecting from the protocols to find some forms of iconic 
representation: in all the classes no one has used it. We are referring to the 
representation of the numerical rule, to the use of numbers patterns as in the primary 
school, to arrows for connecting formulas, to tables for connecting the various 
examples and so on ... Our findings are in accordance with some aspects emphasized 
in educational research (Healy & Hoyles, 1996; Presmeg & Bergsten, 1995). This 
avoidance of the graphical language could be linked to the premature use of the 



algebraic language and of the formalization. This hypothesis comes from the results 
in (Dutto, 1996), where we find that students aged 11-13 use different iconic 
representations, when solving our problem and others similar. 

ZOOM ON THE RESULTS OF THE CLASS C II 

This class seems a good set for general considerations. While in the other classes the 
role of algebra (especially literal computation) could have been too much 
conditioning since it is the main part of the program, here students have left the study 
of algebra (literal computation and so on) since two years. Nevertheless they are 
working in topics (functions, programming with computer) which can add 
motivations to the algebra they have done before. For example, they have had the 
occasion to consider the concept of variable from different points of view. From the 
analysis of the protocols some facts emerge that we outline in the following. 
• As observed in (Bloedy-Vinner, 1994; Furinghetti & Paola, 1994) one of the main 
problems in algebra concerns the use of quantifiers. For example, Erik writes the 
formula 6n = n(n + 1)(n + 2), ascribing the same status to the letter n on the left and 
on the right of the sign =. Here there is a lack of command in using the quantifiers: 
the student ignores that the right formulation would be «For any natural number n a 
natural number k exists such that n(n + 1)(n + 2) = 6k». 
• We have found an empirical proof scheme, see (Harel & Sowder, 1996), based on 
the use of examples and confined to a level of pre-generalization. Myriam verifies 
the statement in a single case and writes «It works! ... But it could be by chance. 
Perhaps I have to try again with 5 or 6 numbers». In some cases the stage of pre-
generalization is really naïve: for example, Maura checks the property expressed in 
the statement through ‘little’ numbers (3, 4, 5) and through ‘big’ numbers (1001, 
1002, 1003), ascribing a property of generalization to these last ones. 
The empirical proof scheme is present only when the natural language is used. The 
students who start writing the expression n(n + 1)(n + 2) do not produce examples. 
This fact suggests that, as it was observed in (Bloedy-Vinner, 1995), they do not 
interpret this expression as a function producing numerical values. This explains why 
we do not find the empirical proof scheme in protocols where the algebraic language 
is used. In some cases the examples simply lead to paraphrase the given statement. 
• The use of letters is not necessarily evidence of an algebraic mode of thinking: in 
some cases we observe that letters are used as mere labels. For example, Silvia writes 
«1 . 2 . 3 /6 = 6/6 = 1» and just after «a(a + 1)(a + 2)/(a + 5)» to indicate that the 
product of three consecutive natural numbers is divisible for 6: clearly here a is a 
label for the value 1. On the contrary Matteo (one of the two good solvers), after 
having proved the statement, writes the expression  
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It seems that he uses the number in more general terms than the Silvia does with 
letters. 
• There are only two students who solve rightly (Matteo and Mario). Matteo proves 
using the natural language, by activating the frame of divisibility evoked with the 
sentence «In the product of three consecutive natural numbers one is always divisible 
for 2, one for 3 and one for 1». He uses the formula n(n + 1)(n + 2) only for 
synthesizing the thesis and afterwards he gives the example quoted above which 
seems to have a didactic function. Mario uses five examples for exploring the 
situation presented in the given statement and after it grasps that «Given three 
consecutive natural numbers one is even and one is divisible by three». At this point 
he gives his proof and after verifies the truth of the statement on an example which 
has a didactic purpose. The fact that in both the cases the examples are given after 
the proof with a didactic function suggests that the students consider examples as a 
privileged means for communicating. 
• In spite of the teacher’s expectation (see the chapter Methodology) not all the 
students showed a sufficient command on the terms appearing in the given statement. 
The bête noire was the word «divisible», some problems were given also by the zero 
(if it has to be considered belonging to natural numbers) and to the nature of natural 
numbers (are the negative integers natural numbers?). This makes our initial 
hypothesis on the property of natural numbers to be a friendly context too much 
optimistic.  
The comparison of the expectations expressed by the three teachers and our findings 
would be an interesting starting point for discussing the didactic contract. For 
example, the students considered good by the teacher C used algebraic formalism 
and were not able to answer. 

CONCLUSIONS 

In all the classes the simple problem from which we started revealed itself a 
Pandora’s vase of issues on students’ behaviours both in proving and in doing 
algebra. 
As for proof the most adopted is the empirical proof scheme. It is our opinion that 
this fact is strongly dependent on the arithmetic context. We have also observed the 
presence of ritual, symbolic and authoritarian proof schemes in students who used 
the algebraic language. The authoritarian proof scheme seems to be induced by the 
kind of didactic contract between the teacher and the students. The ritual and the 
symbolic seem more related to the specificity of the algebraic context that the 
students have chosen. We feel that algebra may hide the necessity to be convinced 



and students are strongly pushed towards the ritual scheme. The perception that they 
have of algebra as a meaningless domain of symbols confirms their conviction that 
only a symbolic way is what the teachers is expecting from them. 
The orientation towards formalism has not as a counterpart a good command in 
dealing with the tools of algebra. We have observed the poor use of quantifiers, but 
also of other basic tools such as variables (or parameters): the letters are often used 
only as stenographic signs. 
Our exercise shows a double shadow effect on proof. From one hand we observe an 
algebraic shadow effect on the meaning that some students would have from 
arithmetic which prevents from using it in their attempts of proving. On the other 
hand there is also an arithmetical shadow effect which confine students to the 
empirical proof scheme and prevent them from generalizing. 
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